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ABSTRACT 

Some further preliminary results are reported on the appli- 

cation of the plasma kinetic theory of Prigogine and Balescu to a plasma 

column in a uniform magnetic field. 

effects, the assumption of initial gyrotropy is removed. A relatively 

simple kinetic equation for the one particle distribution function is 

obtained. 

describe a greater variety of diffusion phenomena. 

plasma is considered, but the effect of the macroscopic transverse 

electric field (due to charge separation) on the local interactions has 

not yet been calculated. The plasma is assumed to be homogeneous in 

the direction of the magnetic field, but an arbitrary inhomogeneity 

across the field is allowed. A collision integral due to Eleonski?, 

Zyryanov, and Silin can be reproduced as a special case. Contact is 

also made with the recent work by Sundaresan on the homogeneous non- 

gyrotropic plasma. A method of properly including collective effects is 

suggested. 

At the cost of ignoring collective 

The resulting augmented kinetic theory is expected to 

A multicomponent 
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INTRODUCTION AND SUMMARY 

I 
I 

The following material is intended as a supplement to that in 

1 a previous report , to be referred to as "IVa", on the kinetic theory 

of diffusion of a plasma column across a constant uniform magnetic field. 

That work consisted of an extension of the theory of Prigogine, Balescu, 

and co-workers; see for example reference 2. 

kinetic equation (analogous to the well-known Balescu-Lenard-Guernsey 

equation) was reduced to that of solving a two-dimensional Fredholm 

integral equation with a complicated kernel. 

was made concerning the amplitude or length scale of the inhomogeneity 

across the magnetic field. 

The problem of deriving a 

No explicit restriction 

The usefulness of this result was somewhat limited. Even if 

the solution of the Fredholm equation could be obtained in closed form, 

the resulting kinetic equation would be extremely lengthy and complicated, 

because of the collective terms associated with the long-range Coulomb 

interaction. These terms are made more complicated than usual by the 

transverse inhomogeneity. Furthermore, a strong initial condition was 

introduced; namely that the distribution of velocity components perpendic- 

ular to the magnetic field be isotropic. A correspondingly strong theorem 

was derived, namely that the condition is preserved in time within the 

approximations made. However, the assumption was obviously a restriction 

on the types of transport phenomena that the theory can describe. If 
across any interface element tangential to the magnetic field, there were 

as many particles of a given speed going in one direction as in the opposite 

direction (which is not quite equivalent to the assumption), then the 
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diffusion would necessarily be similar to that described by Fick's Law. 

(In fact, some currents were allowed, because the "gyrotropy" is for a 

fixed guiding center rather than for a local region. 

tion tends to make the assumption less plausible rather than more plausible.) 

But this considera- 

The main content of this report is a derivation of a single short 

kinetic equation for a one particle distribution function having an 

arbitrary anisotropy in velocity space. The only restriction on the 

initial distribution (apart from the usual initial conditions of the 

Prigogine theory) is that it be homogeneous in the direction of the 

magnetic field. The "gyrotropic" initial condition is avoided. The 

result is analogous to the Boltzmann equation for weakly coupled ionized 

gases, also known a s  the Landau equation. 

the complicated collective terms. The long-range divergence difficulty 

could be eliminated either by introducing one of the collective factors 

found for other models, or by introducing some simple cutoff procedure, 

as is done for the Landau equation. 

It is obtained by ignoring 

In concurrent and independent research, Sundaresan3 has 

developed the Bogoliubov theory for a homogeneous nongyrotropic plasma 

including collective effects. In the concluding discussion, we make some 

provisional remarks on the comparison of our result for the homogeneous 

case with Sundaresan's result, when his collective factors are ignored. 

In addition, it is shown that for the gyrotropic plasma with an in- 

homogeneity in only one direction, our result reduces to the result of 

Eleonskir, Zyryanov, and Silin when their collective factors are ignored. 

(We regret that our previous report IVa misquoted their result.) It is 

hoped that future reports will contain more detailed comparisons of the 

4 
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. 

various results reported in the literature, as well as descriptions of 

the quantitative and qualitative properties of the kinetic equations. 

We should not rule out the possibility of properly including 

collective effects for the present model; that is, of constructing a 

simple kinetic equation of the Balescu-Lenard-Guernsey type for a non- 

gyrotropic plasma having an arbitrary transverse inhomogeneity. At the 

time of writing, however, such a construction appeared to present some 

difficulties. One possible approach is mentioned in the concluding 

discussion. 

Our derivation contains another generalization, namely to a 

plasma consisting of more than one species of particles. However, we 

still do not have a kinetic theory of transverse ambipolar diffusion. 

Different species may have different diffusion rates. The resulting 

charge separation would produce growing macroscopic electric fields. 

The effect of such electric fields on the local interactions responsible 

for the diffusion has been ignored. 

It should be emphasized that when leaving out the collective 

terms, we may be omitting very important effects. 

very likely that a study of the generalized dielectric function 

For example, it is 

[&(A - A') - K(A, A')] found in Section IVa.7 will give conditions of 

stability and instability on the distribution of guiding centers as well 

as on the velocity distribution. 

of finding macroscopic instabilities from microinstability theory. 

Thus in a sense we have the possibility 
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CALCULATION 

c 

Only t h e  d i f f e rences  between t h i s  d e r i v a t i o n  and t h a t  i n  I V a  

are present  here.  Those i n t e r e s t e d  i n  f u r t h e r  d e t a i l s  should r e f e r  t o  

IVa, and t o  works r e f e r r e d  t o  there. We w i l l  ca l l  a t t e n t i o n  t o  a few 

changes i n  no ta t ion ,  bu t  otherwise t h e  symbols have t h e  same meaning 

as before .  The main change is  the replacement of some of t he  

d i s t ingu i sh ing  l a b e l s  a, h ,  u, ... by 1, 2 ,  3, ... . Numerical 

s u b s c r i p t s  are more convenient when t h e  diagram technique is not  being 

emphasized. (The symbol u is used he re  t o  d i s t i n g u i s h  d i f f e r e n t  

spec ie s . )  Another change is  t h e  u s e  of Sl f o r  gyrofrequencies,  which 

for  c e r t a i n  important v a r i a b l e s  similar 3' "' 
allows us  t o  use  

t o  those previously denoted by G ,  G ... . It is hoped t h a t  t hese  

and o t h e r  minor changes w i l l  r e s u l t  i n  a n e t  reduct ion  of confusion. 
3 '  

We cons ider  a multicomponent plasma with Nu p a r t i c l e s  of 

t h e  a-th species, having charge ea and mass m . The plasma i s  

n e u t r a l  i n  t he  sense t h a t  

U 

The l i m i t  {N * -, A * -, N/h f i n i t e ,  a r b i t r a r y )  w i l l  be considered, 

where N = 1,NU . The canonical momentum of p a r t i c l e  number j is  

w r i t t e n  as 

and e are abbrevia t ions  f o r  mu and e . Its gyrofrequency 
ml j 1 uj 

where 

is  denoted by Q j  : 
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where B 

of R and e as p o s i t i v e ,  t o  avoid t h e  concept of nega t ive  f requencies .  

This mnemonic device w i l l  not a f f e c t  t h e  f i n a l  r e s u l t s .  

is a constant magnetic f l u x  dens i ty .  As before ,  w e  o f t e n  th ink  

j j 

Again, the  classical n o n - r e l a t i v i s t i c  approximation is  made. 

Radiat ion and s u r f a c e  e f f e c t s  a r e  ignored. The plasma is assumed t o  be 

i n i t i a l l y  homogeneous i n  t h e  d i r e c t i o n  ẑ  : B/B , but is  allowed t o  have 

an a r b i t r a r y  inhomogeneity i n  the d i r e c t i o n s  x^ and y^ . The t i m e  scale 

is assumed t o  be much l a r g e r  than o and I Ru 1 , where -1 -1 
P O  

The Hamiltonian of t h e  system is  

1 - m v is  the  Hamiltonian excluding t h e  i n t e r p a r t i c l e  
= 6 2 j j  

where Ho 

Coulomb i n t e r a c t i o n  (but including t h e  magnetic f i e l d ,  which does not 

c o n t r i b u t e  t o  t h e  kinetic energ ies  of t h e  p a r t i c l e s ) ,  and X is  a 

coupl ing parameter t o  be set equal t o  u n i t y  a f t e r  t he  dominant terms of 

t h e  p e r t u r b a t i o n  series have been s e l e c t e d .  The p o t e n t i a l  V i s  

def ined  as follows: 

i j  
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. 
1/2 

$ i n t  ([k1I2 + EL2] ) = e e /27r2(k + EL2 + K ~ )  ; 
i j  i j  II 

-h/2 

where kII is summed over va lues  of t h e  form (2nlA) ( i n t e g e r ) ,  and K 

is a cut-off parameter which must be he ld  non-zero when collective 

e f f e c t s  are ignored. Tie syxbol  - is an abbrevia t ion  for -xi - -xi . 
We sometimes w r i t e  k ,  4 i n  place of kll , AI. Combining eqs.  (2)  and 

‘i j J 

(3)  , w e  ge t  

v i j ( Q j )  (2a/h) 1, 

0 ,  k-0 

eie,[l - sKr(k)]  

2 a [ k  + E  + K ]  

= 
2 2  2 2 -  
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The 

t o  eliminate 

speaking, i t  

with respec t  

( E ,  X 5 / B 1 2 

i n t roduc t ion  of t h e  p o t e n t i a l  W is a device intended 

t h e  macroscopic se l f - cons i s t en t  electric f i e l d .  Mathematically 
i j  

e l imina tes  the  m a t r i x  elements of 6L 

t o  t he  k 

af /ag  could be added t o  t h e  r e s u l t i n g  equat ions,  but 

which are diagonal  
i j  

9 
s. The c o l l i s i o n l e s s  "d r i f t "  terms of t h e  type 

j 

cross-ef fec ts  between l o c a l  i n t e r a c t i o n s  and the  macroscopic t ransverse  

electric f i e l d  are ignored. 

A phys ica l  p i c t u r e  of the  e f f e c t  of W can be constructed 
i j  

i f  desired.  It is analogous t o  the concept of a background charge whose 

l o c a l  dens i ty  somehow v a r i e s  i n  t i m e  wi th  the  plasma dens i ty .  Associated 

with each p a r t i c l e  j one can imagine a r i g i d  massless l i n e  charge i n  the 

z d i r e c t i o n  with charge dens i ty  

(cf . eq. (3) ) .  The l l n e  charges Q L ~  L ~ L Z ~ ~  z k c g  ::Ltk + h e i r  "rtirles 

- e / A ,  which p i e rces  t h e  p a r t i c l e  
j 

without r eac t ing  upon them, and without i n t e r a c t i n g  among themselves. 

However, t he  motion of each p a r t i c l e  is influenced by t h e  presence of 

t h e  l i n e  charges t i e d  t o  the  o ther  p a r t i c l e s .  

We now w r i t e  down the  formal s o l u t i o n  of t he  L iouv i l l e  

equat ion.  It is almost the  same as  t h a t  given in Sect ion IVa, 3. 

If {kIEn} 

I 

( t )  is  defined by the equat ion 

then  
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where 

N ' Kr ' 
= [ H GKr(kj - k j)  6 (nj - n j ) ]  

j =3 

6 K r  ( k l + k 2 - k l  ' - k f 2 )  [l - gK'(kl - k' l ) l  

1 ' 
- ele2 exp(i[n + n2 - n - n 218) 1 1 

2 2 2  nA([kl - k'll  + a + K 
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- - a - ip-1: ] 
m2R2 a92 

- (ax 

L I 

The reduced d i s t r i b u t i o n  func t ions  are e a s i l y  def ined f o r  a 

mul t i spec ies  plasma. I n  specifying t h e  expected number of r - tup les  

nf p z r t i c l e s ,  one must be ca re fu l  t o  d i s t i n g u i s h  between spec ies .  

Thus f a c t o r s  l i k e  

w i l l  appear ,  where ru i s  t h e  number of t i m e s  u appears i n  the  

set ul ,  ... 
for example, 

. These, however, cause no problem. One ob ta ins ,  'r 

(t) = -  
2n k(+O) I n1n2 I y N - 2 ' k - k n  1 2  n 
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is independent of z1 . Here, fl,l s i n c e  

. . a  
- 

V N - r  = Irk1 I r k 2  N 

and 

E ( A  / 2r) AN p'l 2 1 2 
k - k n  n 1 2  k -k n1 n2  

I n i t i a l  condi t ions  a r e  then s p e c i f i e d  as i n  Section IVa . 4, 

wi th  t h e  except ion of t h e  condition of gyrotropy (IVa.4.6). Its 

removal does not  a f f e c t  t h e  general  diagram pe r tu rba t ion  theory t o  any 

g r e a t  e x t e n t ,  provided one assumes as always t h a t  very l a r g e  va lues  of 

t h e  n ' s  are i r r e l e v a n t  i n  some sense. One should a l s o  remember t h a t  

is i r r e l e v a n t  un less  n = 0, j > r. YN-r '{k){n) j 

Concerning t h e  A-dependence of t h e  i n i t i a l  d i s t r i b u t i o n s ,  

one po in t  may be worth noting. We assume t h a t  
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These assumptions are s l i g h t l y  s t ronger  than the  analogous assumption 

(IVa. 5.1) f o r  t he  gyro t ropic  case,  because the  equi l ibr ium d i s t r i b u t i o n s  

g ive  no guide as t o  t h e  order  of magnitude of t h e  nongyrotropic components. 

W e  w r i t e  

The con t r ibu t ion  t o  f ( 1 , t )  from a cycle  diagram is as fol lows:  

C "1 "2 

where 

\ 
and the  matrix elements are operators  similar t o  (0 1 1 2  I ; and 

( 1 2 1  I 0 >:  
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(1) - - v2 , (0 ) '  } 
terms t h a t  vanish under 

(with c e r t a i n  "2 

omitted) 

2 
I 

L 

J 
v2 

-I 

9 2 1 )  

' 1 - n  1 + v l ,  

0 21 
I1 - ele2 exp(iv12 8") 

0 0 2 i n  (k + Qtt2 + I C ~ )  
- I e"de" I d8 2 2  
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1 I 

I r 1\ 1 
m v  2 2 1  

, If \. 11 I 

2 1  R V  
I - ;  

!2 "1 - -  
v2 + "2 Q2 , '  

m v  v1 + n1 - n1 1 1-L 

J 
It should be noted t h a t  i n  wr i t i ng  these  expressions we  d id  not use 

( 0 )  (1) = n3 , e t c .  "3 t h e  f a c t  t h a t  

w e r e  s u f f i c i e n t .  

n3, n4, ... = 0 ; t he  r e l a t i o n s  

v ) - l  , la;JI, * ( K c o n  
1 -1 

i t  is seen  t h a t  eq.  (12) contains cyc lo t ron  resonances, which are s t rong ly  

I n  t h e  asymptot ic  limit t >> (KV)- , w 
Pa 

dependent on the r a t i o s  

v a l u e s  of t h e  

Qu / Ru I . We assume as before  t h a t  l a r g e  

n ' s  are i r r e l e v a n t ,  and make the  fol lowing s impl i fy ing  

assumption, which is v i o l a t e d  i f  t h e  r a t i o s  are c l o s e  t o  but  d i f f e r e n t  

from r a t i o s  of small whole numbers: 
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1 1 

t >> I nlnl - nl nl - n2 n2 1-l f o r  a l l  

1 I 

small va lues  of t h e  n ' s  f o r  which nlQ1 - n1 Cil - n2 n + o .  (16) 

( In  p r i n c i p l e ,  t h e  r e s u l t s  are e a s i l y  extended t o  cover s i t u a t i o n s  

i n  which assumption (16) is not s a t i s f i e d . )  Then we have the resonance 

condi t ion  t h a t  t h e  terms of eq. (12) f o r  which n1 nl + n2 R2 = nlRl 

g ive  the  h ighes t  power of t i n  t h e  asymptotic l i m i t .  Important 

I I 

s p e c i a l  cases are: 

I 1 

1 '  so t h a t  n1 + n2 = n  

I I 

i r r a t i o n a l ,  so t h a t  n1 = nl, n = 0 , ( i i )  no / nu 2 
1 2 

ratio of small whole numbers, l ead ing  to cyclotron 

resonances. 

t 

Upon i n t e g r a t i o n  w i t h  r e spec t  t o  the  v a r i a b l e  5 = 5 - n R 1 1 '  

eq. (12) reduces t o  

f ( 1 )  = [0(A0t0) + O(A1tO) + ... I 

4 2  5 2  + [O(A t ) + O(X t ) + ... I + ... , 
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cdering w e  d i s regard  the f a c t o r s  t i n  he  exponents. 

l o  3 1  I n  the  weak coupling approximation, w e  neg lec t  O(X t ) ,  O(X t ), 

O(X t ) ,  etc. ,  compared with X t , X t , X t , ... respec t ive ly .  

Theref o r e  

5 2  0 0  2 1  4 2  

I I 

afo = x 2  1 1 1 1 6 K r  (nlfil - n1 fil - n2 fi,) 
n u  1 1  
1 2 n, n, 

a t  

0 0 

4 t t 

f (1, 2; el , e2 ; 01 + o(x  t )  + ... . 
092 

There is no problem i n  genera l iz ing  t h e  a n a l y s i s  which 

4 shows t h a t  t he  expression O(X t )  + ... can be dropped if f (1 ,  2;  0) 

is rep laced  by a product of s ing le  p a r t i c l e  d i s t r i b u t i o n s  evaluated a t  

t i m e  t. I n  t h i s  case, the  replacement is 

0 9 2  

so t h a t  t h e  o s c i l l a t i n g  f a c t o r s  cancel.  Af te r  s e t t i n g  

t h e  f i n a l  r e s u l t  as follows: 

X = 1, w e  wr i t e  
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A aZa, nl) + inlnl t<l, nl) = 1 1 1 6 Kr (nlnl - n1 I nl - n - 
2 2 N2 I 1  at 

Q 

2 2 n 1  n 

2 

Written out in detail, eq. (20) takes the form 

2 2  
el e2 

u 1 2  2a 
2 

1 1  
"1 "2 

1 1  

W W 



- -- l a  111- 
m2Q2 aq2 J'"l 

J v2 + n2 I (+) - 
'1 I 

J 1 1 n 2  I 

v1 + n1 - n1 v2 + "2 m v  2 2 1  

A 1 A 

where 
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DISCUSSION 

The k i n e t i c  equat ion (21),  while  no t  properly taking i n t o  

account c o l l e c t i v e  e f f e c t s ,  nevertheless  is a gene ra l i za t ion  of previous 

r e s u l t s ,  because it  includes both t ransverse-d i f fus ion  terms and 

nongyrotropic terms. The appearance of the  cyclotron-resonance f a c t o r  

is a new f e a t u r e .  

Our d iscuss ion  here  i s  l imi ted  t o  t he  comparison of s p e c i a l  

cases  of eq. (21) with previously known k i n e t i c  e q ~ a t i o n s l - ~  , with a l l  

c o l l e c t i v e  f a c t o r s  replaced by cutoff parameters. Discussions of the  

present s ta te  of t h e  k i n e t i c  theory of t ransverse  d i f fus ion  w i l l  be 

found i n  IVa and in papers re fer red  t o  there .  

4 The c o l l i s i o n  i n t e g r a l  due t o  Eleonski?, Zyryanov, and S i l i n  

w a s  mentioned i n  Sec t ion  IVa. 8. Their  r e s u l t  w a s  f o r  a gyro t ropic  plasma 

wi th  an inhomogeneity i n  the  y* d i r e c t i o n  only ("slab geometry"). Iii 

w r i t i n g  the  noncol lec t ive  vers ion of t h e i r  r e s u l t  (17) i n  the  form 
-1 2 equal  t o  (kx2 + k + kZ ) . -1 

0 Y (IVa.8.1), w e  set t h e i r  c o l l e c t i v e  f a c t o r  A 
2 -1 * 

I n  f a c t ,  i t  should be set equal t o  (kx2 + k ) , i n  which 

case (IVa.8.1) reduces t o  our r e s u l t  (IVa.8.2). For the  mul t i spec ies  plasma,  

w e  may obta in  t h e i r  r e s u l t  as a s p e c i a l  case of our eqs.  (19) t o  (21) ,  

p u t t i n g  K = 0 

i n d e f i n i t e  : 

+ kZ ) 6(ky - k 
Y Y 

and leaving  the  range of i n t e g r a t i o n  of the  wave numbers 
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"ini a v2Q2 a 'L a X a a 
+ - -  J + ---- ---- 

m v  
"1"lL a v p  2 21  av21 mlnl aQly m2Q2 3Q2, 

where Q2 = a + 
X Y Y X  Y 

of (22) from (21) is apparent upon w r i t i n g  I I day ... l 2  i n  t he  form 

, B = a rc t an (& /E ) = arg(llx + i t  ). The der iva t ion  

11 -' * . Since t h i s  f a c t o r  is  real ,  w e  were a b l e  
7 j 

I !  
' ... 5 .?I day ...f 

t o  drop t h e  F r i n c i p a l  Value term from t h e  6- func t ion .  

The assumption of s l a b  geometry is expected t o  be  a good f i r s t  

approximation i n  many s i t u a t i o n s  for which the  magnetic f i e l d  may be 

taken  t o  be uniform, and the  plasma t o  be homogeneous i n  the  

The model is  meant t o  descr ibe  a l o c a l  region of a l a r g e  plasma boundary 

l a y e r ;  the  boundary may be a r b i t r a r i l y  sharp.  Therefore eq.  (22) is of 

more than  academic interest. The presence of the  Dirac d e l t a  func t ion  

z" d i rec t ion .  
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is  expected t o  s impl i fy  considerably t h e  study of t he  equat ion,  s ince  

such a d e l t a  func t ion  is e s s e n t i a l  f o r  t he  usua l  proofs  of t o t a l  

energy conservat ion,  t he  H-theorem, etc. Much work remains t o  be done 

i n  t h i s  d i r ec t ion .  

L e t  us  now leave  t h e  d i f fus ion  problem, and s tudy eq. (21) 

f o r  the  homogeneous case, i n  order  t o  make contac t  with the  r e s u l t s  
a 

of Sundaresan3. When f ( 1 ,  nl) is independent of gl, eq. (21) reduces t o  

1 I K r  
= 1 2 e12e22 1 1 6 (nlnl - n1 fil - n2 n2) 

n 1 1  

"2  "1 "2 

1 -4 2iik dk k 
1 1  

6 Kr (nl - n1 - n2 ' r  j J ai11 j f 

W 
c 

/ \ 
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J 

-1 i f  K is set equal  t o  zero. W e  have assumed t h a t  t >> l Q u l  and t h a t  

t >> I Qu - nu I 1- 
compared with Sundaresan's result (38) ,  (39) ,  (30), (241, when h i s  

c o l l e c t i v e  f a c t o r  p is set  equal t o  k2 and J:(N1)Lr is set equal 

t o  qr/k . 

when $la no, (c f .  eq. (16)) .  Equation (23) is t o  be 

2 

h W k  the r e s d t s  are very similar, i t  is apparent t h a t  they 

d isagree  in a number of ways, most of which can be a t t r i b u t e d  t o  

t r i v i a l  e r r o r s .  One source of disagreement seems t o  be somewhat more 

i n t e r e s t i n g  than t h e  o t h e r s ;  namely, t h a t  our  f a c t o r  6 

appears t o  be missing from Sundaresan's r e s u l t .  It  is thought t h a t  t h i s  

d i f f e rence  might represent  a devia t ion  of the  Prigogine theory f o r  

asymptot ical ly  l a r g e  t i m e s  from the  Bogoliubov theory with the  ad iaba t i c  

assumption 

K r  I I 
(nlR1 - n1 Ql - n2 R2) 

f , ( t )  - f 2 (  .. . I f l ( t ) ) ,  f o r  t he  homogeneous nongyrotropic 

plasma . 
A t  t h e  t i m e  of wri t ing ,  a clear understanding of t h i s  matter 

d i d  not  e x i s t ,  but w a s  imminent. The devia t ion  apparently does not 

r ep resen t  as important a d i f fe rence  between the  two theo r i e s  as might 

be  expected a t  f i r s t  s i g h t .  S l igh t  changes i n  the  assumptions and methods 

may completely reconci le  the  r e s u l t s .  
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Before discussing t h i s  f u r t h e r ,  w e  mention s p e c i f i c a l l y  

one of t h e  t r i v i a l  e r r o r s ;  namely the absence of t h e  o t h e r  Kronecker 

d e l t a  func t ion  

2n 
K r  I 1 I B, exp(inlB) 

2n 
6 ( n l - n  - n  ) z  1 2 

0 

The met..ol 

I 1 

exp(- in l  6) exp(- i n2  0) . 

by which t h e  e r r o r  can b e  cor rec ted  sugges ts  a poss ib l e  way 

of making t h e  " r ing  approximation'' t r a c t a b l e  f o r  the  nongyrotropic p la sma ,  

and de r iv ing  by the  Prigogine method an equat ion analogous t o  the  

Balescu-Lenard-Guernsey equat ion,  f o r  t h e  homogeneous plasma and 

poss ib ly  a l s o  f o r  t h e  d i f f u s i n g  plasma. The d i r e c t i o n  of a t t a c k  i s  

e s p e c i a l l y  t ransparent  f o r  the  s i n g l e  spec ie s  homogeneous plasma, and 

the  r e s u l t  should ag ree  wi th  a corrected ve r s ion  of Sundaresan's r e s u l t .  

Of course,  one would f i r s t  have t o  j u s t i f y  t h e  use of t he  "r ing 

approximation", by some s i m p l e  modif icat ion of the weak coupling 

approximation. I f  t h e  assumption -1 t >> In1 is  n o t  made, t he  j u s t i f i c a t i o n  

may be more d i f f i c u l t  than f o r  models previously t r e a t e d .  

The f a c t o r s  (exp(in6) 1 are absent  from Sundaresan's resul ts  

because he  chose a coordinate  s y s t e m  f o r  which 8 = 0. This procedure 

breaks  down when & 

under the  i n t e g r a l  sign 

Four i e r  t ransformation of t h e  d i s t r i b u t i o n  func t ion  with r e spec t  t o  8. 

is n o t  a f ixed  vec tor .  One is not  always working 

dlc, because it is necessary t o  make a I 
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The co r rec t ion  would cons i s t  of mult iplying each s i n g l e  

p a r t i c l e  d i s t r i b u t i o n  by a f a c t o r  of t h e  form 

the  f3 i n t e g r a l .  For t h e  c o l l i s i o n  i n t e g r a l  of t h e  Landau type,  tlie 

exp(inB),  and including 

r e s u l t  i s  an e x t r a  f a c t o r  

equat ion,  it would be more 

The d i f f i c u l t y  i n  

plasma stems from a f a c t o r  

K r  I 
6 (n, - n, - n, ) ;  f o r  Sundaresan's 

A A L 

complicated . 
smming t h e  r i n g  diagrams 

? ? 6 K r  (nlRl - n1 R1 - n2 R2 

K r  ? I 
analogous t o  6 (nlRl - n1 R1 - n R ). The i n t e g e r  2 2  

f o r  t he  nongyrotropic 
? I - n3 fi3 - ... - np+lfip+l) 

I 
appearing i n  P+l n 

1 ? ? I  1 < IP+l R I  
t h a t  recurrence r e l a t i o n s  of t h e  usua l  type are d i f f i c u l t  t o  ob ta in .  But 

the  t reatment  of 6 

R p+1 ' / depends on nl, n1 , ... , n R, ... , n , s o  

? I K r  
(nl - n1 - n2 ) is very suggest ive.  One might w r i t e  

K r  1 ? - d (nlRl - n1 R1 ... - n p+lQp+l) 

and p lace  t h e  f a c t o r s  

e f f e c t i v e l y  rep lac ing  f3 by B-R,T. The i n t e g r a t i o n  over  T (and 6 )  

would then be postponed u n t i l  a f t e r  t h e  diagrams are summed. One would n o t ,  

however, g e t  back t h e  simple Kronecker d e l t a  func t ions ;  i n s t ead ,  the  

c o l l e c t i v e  f a c t o r  would be more complicated than f o r  t h e  gyro t ropic  plasma. 

{exp(- inf iut) l  next  t o  the  f a c t o r s  {exp(inS)},  

For t h e  s i n g l e  species homogeneous plasma, t h e  in t roduct ion  of T 

{exp( inB) } are s u f f i c i e n t  . is unnecessary.  The f a c t o r s  
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We now make some provis iona l  remarks concerning our  f a c t o r  
I 1 

- n R ) i n  eq.  (23 ) ,  and i ts  absence i n  the  non- K r  
(nlR1 - nl R1 2 2 

c o l l e c t i v e  analogue of Sundaresan's equation. A t  t he  t i m e  of wr i t i ng ,  

t h e  o r i g i n  of t h e  discrepancy remained i n  some doubt,  and w i l l  t he re fo re  

no t  he discussed i n  d e t a i l  here .  

For a d e t a i l e d  examination of t h i s  p o i n t ,  it is  evident  t h a t  one 

m u s t  c a r e f u l l y  check the  T i n t eg ra t ions  i n  Sundaresan's work, an6 

h i s  t reatment  of the  o s c i l l a t i n g  time-dependent f a c t o r s .  We note  t h a t  
c 

h i s  equation ( 2 4 )  conta ins  6+(r ;s) ,  i n s t ead  of the  f a c t o r  

which would he expected from our r e s u l t .  A l s o ,  t he  f a c t o r s  analogous 

t o  ou r  f a c t o r s  

do no t  appear i n  h i s  f i n a l  r e s u l t s .  

6+(r-n; s&n) 

' 1 

exp(- i n  R t) exp(inl Qlt) exp(in2 n 2 t )  ( c f .  eq. (1s) f f . )  1 1  

It i s  poss ib l e  even i n  t h e  Prigogine theory t o  base the  

c a l c u l a t i o n  on t h e  f i r s t  equat ion of t he  BBGKY h ierarchy .  One coulr' 

r e t a i n  t h e  f i r s t  o rde r  cont r ibu t ions  t o  t h e  two p a r t i c i e  d 2 s t r i b : : t i m  

which depend on t through f ( y ,  t ) ,  poss ib ly  a l s o  incluc'ing o s c i l l a t i n g  

f a c t o r s  when r i n g  diagrams ( co l l ec t ive  terms) are taken i n t o  account. 

Cont r ibu t ions  dependent on i n i t i a l  c o r r e l a t i o n s  would be neglected.  I n  

such a theory ,  i t  i s  somewhat d i f f i c u l t  t o  see how t h e  cyclotron resonance 

condi t ion  could appear. One can readi ly  understand the  r e s t r i c t i o n  
1 I 

= n1 , which occurs because t h e  k i n t e g r a t i o n  results i n  "1 + "2 

c a n c e l l a t i o n s  due t o  invar iances  with respec t  t o  r o t a t i o n s  of t he  

x-y coordinates .  It would appear a t  f i r s t  s i z h t  t!iat no o the r  ckpenclence 

and n should e x i s t ,  because t h e  s e l e c t i o n  r e l a t i o n  between 
' I 

nl. ' "2 1 
1 I A ' A  I 

of v a r i a b l e s  n1 , n2 f o r  t h e  cont r ibu t ion  of f (I, n1 ) f ( 2 ,  n2 ) t o  
A 
f 2 ( 1 ,  2 :  v1 + nl,  - u ) should depend on u1 + n r a t h e r  than nl a lone.  2 1 
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A 
The discrepancy disappears  i f  it is  remembered the  func t ions  f 

o s c i l l a t e  r ap id ly  i n  t i m e .  The slowly varying quan t i ty  is 

exp(inlQlt)  f ( l , n l ) .  I f  w e  mul t ip ly  eq.  (23) by the  f a c t o r  exp( in  0 t , 
h 

l'"1 
A 

w e  see t h a t  t h e  doininant cont r ibu t ion  t o  a (exp( in ln l t ) f (1 , t ) ) / a t  
? I 

occurs  when exp(inlQlt)  = exp(inl  nit) exp(in2 R 2 t ) ,  so  t h a t  t he  

r i g h t  s i d e  w i l l  no t  conta in  rap id ly  o s c i l l a t i n g  f a c t o r s  which tend t o  

average t o  zero.  The p r e c i s e  j u s t i f i c a t i o n  rests on t h e  above ca l cu la t ion :  

i t  can a l s o  be made p l a u s i b l e  from an argument based on some "coarse- 

graining" of t h e  t i m e  v a r i a b l e .  

It i s  t h e r e f o r e  l i k e l y  t h a t  t he  noncol lec t ive  vers ion  of t he  

two t h e o r i e s  are e s s e n t i a l l y  i n  agreement when our  s implifying assumption (16) 

is made. This  may no longer  be true when c o l l e c t i v e  f a c t o r s  are include$,  

bu t  a d e t a i l e d  s tudy has  no t  y e t  been completed. 

C m b k h ~  the two Kronecker d e l t a  func t ions  i n  eq. (23) ,  w e  ob ta in  

t h e  r e s t r i c t i o n  

? 

n2 (Q, - R1) = 0 . 

Thus f o r  a homogeneous nongyrotropic plasma re lax ing  with a t i m e  scale 

t >' but 9 Ino I 9 In,, - I , t h e  Landau c o l l i s i o n  i n t e g r a l  

p red ic t ed  by the  Prigogine theory conta ins  a "se lec t ion  ru l e"  which 

-1 -1 f -1 
. 

e l imina te s  a l l  i n t e r a c t i o n s  between the  nongyrotropic p a r t s  of t he  

v e l o c i t y  d i s t r i b u t i o n s  of species  o and u with d i f f e r e n t  gyrofrequencies.  
? 

Such i n t e r a c t i o n s  are, however, expected t o  be present  when col1.ective 

f a c t o r s  are included. 
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